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ANALYTIC HYPOELLIPTICITY OF CERTAIN SECOND-ORDER
EVOLUTION EQUATIONS WITH DOUBLE CHARACTERISTICS
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MARIO TOSQUES

ABSTRACT. The present article establishes the analytic hypoellipticity
(Definition 1.2) of a class of abstract evolution equations of order two, with
double characteristics, under the hypothesis that the coefficients are analytic (in
a suitable sense; see §2). The noteworthy feature of the main result (Theorem
4.1) is that analytic hypoellipticity holds whenever hypoellipticity does, even
when one of the asymptotic eigenvalues ci(A) fails to be elliptic of order one.

Introduction. The present paper establishes the analytic hypoellipticity
(Definition 1.2) of a class of (abstract) evolution equations of order two, with
double characteristics—precisely the same class as that studied in the work [1],
but under the hypothesis that the coefficients are analytic (in a suitable sense; see
§2). We adapt the concatenation method of [1] and use the method of Grushin
[2] to derive analytic hypoellipticity from suitable a priori estimates. The note-
worthy feature of the main result (Theorem 4.1) is that analytic hypoellipticity
holds whenever hypoellipticity does (under the analyticity hypothesis concerning
the coefficients)—even when one of the asymptotic eigenvalues c/(A) fails to be
elliptic of order one (in the latter case our results are essentially particular cases
of those of Grushin). Since the equations studied here are microlocal models for
the pseudodifferential equations of the kind studied in [4], our main result strong-
ly suggests that, when their total symbols are analytic, the operators II studied in
[4] are hypoelliptic analytic if and only if all their asymptotic eigenvalues are.

I wish to thank Professor F. Treves for suggesting the problem and his
contributions to many of the arguments.

1. Analytic hypoellipticity in the abstract set-up. Let 4 be a linear opera-
tor, densely defined in a Hilbert space H. We shall assume that 4 is unbounded
but it is selfadjoint, positive-definite and that it has a bounded inverse A~".

Let J be a given open subset of the real line. We denote by Q , (/) the ring
of the series in the nonnegative powers of A~ ! with coefficients in C*(/) which
converge in L(H, H) (the Banach space of bounded linear operators of H into H)
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as well as each one of their derivatives in ¢, uniformly with respect to # on com-
pact subsets of J.

Q4 (()) will denote the formal power series in A~ ! with coefficients in
).

Now we want to state precisely what we mean for analytic hypoellipticity
of an operator of the kind

1.1 P= 3 a;,(t 475

J+k=m
where a; ,.(t, A) € Q 4 (/). Then we have to introduce a scale of “Sobolev spaces”
H°, s €R, defined by A4:

If s >0, H® is the space of elements u € H such that A5y € H,
equipped with the norm llull; = Il4%ully, where Il ll, denotes the
norm in H.

If s < 0, H® is the completion for the norm lluly = 14°ul,.

The inner product in H* will be denoted by ( , ),.

Whatever s, m € R, A™ is an isomorphism (for the Hilbert space structure)
of H® onto H*~™.

We denote by H™ the intersection of the spaces H* and by H—% their
union, the former equipped with the projective limit topology and the latter with
the inductive limit topology.

H™ and H~" with their topology are the strong dual of each other as H®
and H™* are.

We denote by C™(J, H™) the space of the C* functions in J valued in H*,
equipped with its natural C* topology. It is the intersection of the spaces
C*(J, H*) as h and k tend to oo, of the h-continuously differentiable functions
defined in J and valued in the Hilbert space H¥.

If K is any compact subset of J, we denote by C; (K, H™) the subspaces
of C*(/, H™) consisting of the functions which vanish identically outside of XK.
this is a closed linear subspace of C™(J, H™), then a Fréchet space and we denote
by C;'(J, H™) the inductive limit of the C; (K, H™) as K ranges over the compact
subsets of J.

Now we can define the space D'(J, H~ ") of the distributions in J valued in
H~" as the dual of C;(/, H™).

Finally we denote by A(J, H*), [C*(J, H“)], the subspace of C*(J, H™)
given by the set of the functions u(r) € C*(J, H™) such that for every point
to €J, there is an open neighborhood J " of ¢, relatively compact contained in J
and a constant C > 0 such that for every a, 8 €N
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sup, 1024Pu(r)ll, < C*+E+1(a + B!

12)
[sup, 148u(t), < CP+ 15]!
eJ

DEFINITION 1.1. Let P be as in (1.1), P is said to be hypoelliptic in J if given
any open subset J' of J and any distribution u(t) € D'(J', H~"),

PueC°U,H®)=>ucC”(, H™).

We say that P is hypoelliptic at a point t, of J if there is a neighborhood
J' of ty in J such that P is hypoelliptic in J'.

DEFINITION 12. P is said to be analytic hypoelliptic in J if P is hypoelliptic
in J and if, given any open subset J' of J and any distribution u(t) € D'(J', H™*),

Pu€ AU, HY) > u € AU', HY).

Similarly P is analytic hypoelliptic at a point t, of J if there is a neighbor-
hood J' of ty in J such that P is analytic hypoellyptic in J .

We introduce, now, a new scale of Hilbert spaces.

If s € R and s > 0, we denote by E the set of all elements u € H for which
there is a v € H such that u = e~*4y and we put in E, the norm lullg = lvlly.

If s€R and s <0, E is the completion of H with the norm IIuIIEs =
les4u -

For every real s, E is a Hilbert space with the norm | IIES and the following
properties are true

(i) For every s and s’ such that s > ', E, is canonically imbedded in
E,, with a norm < 1.
(1.3)
(ii) For every s and s’ such that s > s, 4 defines a continuous linear
map A: E; — E, with norm < C/(s — s)’, where C is a positive
constant independent on s and s'.

For every real s, we denote by A,(/, E;) the space of the analytic functions
on J with value in E.
REMARK 1.1. It is easy to see that

(1 '4) A(J’ Hw) = U At(',t Es)

>0

2. “Classes” of cut off functions. Let J denote an open interval centered
in the origin; we are going to study the analytic hypoellipticity for “formal”
operators of the form
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(1) P=(@,-alt, A)A)Q, - b(t, A)) — c(t, A4 = XY - c(t, A)A
where
Q.1 X=0,-a(t, A)4; Y=20,-b( AMA

and a(t, A), b(t, A), c(t, A) € Q 4,((/)) which satisfies the following properties:
If a,(¢) and b, (¢) are the leading coefficients of a(t, A) and b(t, A), then

22) a4(0) = by(0) = 0
23) Re ay(0) >0, Re by(0) <O.

Furthermore, if we write a(t, 4) = Ekak(t)A"‘ , b(t, A) = Zkb(t)A"‘,
ot, A) = Ekck(t)A"‘ , we suppose that there is a neighborhood U of 0 in C, suct
that U N R = J, on which the C” functions a,(t), b, (t), c,(t) can be extended
as holomorphic functions satisfying the inequality

4 {la, @), 16, @), le, @)1} < K

for every integer k = 0 and for every z € U.
Therefore, by Cauchy’s inequality, after a shrinking of U, we can suppose
that there is a constant M > 0 such that

@5) 1082, (), 10D, 2)l, 1%, ()] < &+ MPalk!

for every integer a, k > 0 and for every z € U.
Because A is a selfadjoint operator, using the spectral resolution of 4, we
have that

a=["Tnag = [ aE,
256)
at= [Tt = [ X aE

where o(4) is the spectrum of 4.
Below {y,(A)}, k € N, denotes a sequence of continuous real valued func-
tions defined on R.
DEFINITION 2.1. Let ¢, be a number > 0. We will say that the sequence
{p,\)} belongs to the “class of cut off functions” [c,] if
(1) ¢o\) =1 for every AER,
() 0<y¢,MN) <1 forevery k>1and A\ €ERand
1 VA2ck+1,
2.7 o) =
0 VA< ¢k

Then for every nonnegative integer k, the operator
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@38) ¢,(4) = [0, Q) dE,

is a bounded selfadjoint linear operator defined on H into H.
We define formally

(29) P({p,}) = @, - a(t, 4, {9 NAX@, — b(t, 4, {9 DA) = c(t, 4, {9, A

where

at, A, W) = % ak(t)\ok(A)A_k;
b(t, Av Wk) = ; bk(t)wk(A)A—k’

C(t, A’ ‘pk) = ; ck(t)‘pk(A)A_k'

REMARK 2.1. If ¢; > ¢, where c is given by (2.4), for every {y;} € [¢,]
P({y,}) is a “true” operator, that is the coefficients a(t, A, {¢}), b(t, 4, {9}
and c(t, 4, {#}) are C™ functions defined on J with value in L(H, H).

Indeed, take an integer @ and let | Il denote the norm L(H, H); we have,
by (2.5),

h
g % (a?ak)(t )‘Pk(A )_k

h
<Y sup [8%a,(1) + lp (A)A~*1
k=0

< g oot <o (% (),

k=0 1

which proves the result.

Then there is a constant M, such that for every a €N
10 sgp{ﬂa‘;‘a(t, A, {o DI, 1856@, A, {9, DI, 15c(t, 4, {9, DI}
' =M !

Suppose that P, and P, are operators of the kind

Py= 3 F 047, P= ¥ G048
J+k=2 J+k=2
where Fj . (#), G ;(¢) are analytic functions on J with value in L(H, H) which
can be extended as holomorphic functions on the complex neighborhood U of 0
¢ = UN R) with value in L(H, H) and F, ,(t) = G, , () = Iy, Iy being the
identity mapping of H.
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THEOREM 2.1. Let us suppose that
(2.11) P, =P, +R

where R is a linear operator which has the following property: there is an € >0
such that for every real s

(2.12) R:AVE)— AU Eg o)

is a linear operator of A,U, Ey) into AU, E, ).
Then if P, is analytic hypoelliptic at t = 0, the same is true of P .

ProoF. For the proof we will use some results of [3], using the scale of
Hilbert spaces E;.

Let u be an element of D'(J, H~") such that P,u = f where f € A(J, H*),
then f € A,(, E,), recalling that E, = H, then if we shrink enough the complex
neighborhood U of 0 we can extend f to a holomorphic function on U with
values in E, ie. f€ A, (U, E,).

Now we reduce the second order differential equation in ¢, P,u = f, to a
first order linear system

LU =D,U-Mt AU = F(t)

where 7 is the identity matrix 2 x 2, M(t, A) a 2 x 2 matrix and F(f) a two-
vector, holomorphically dependent on ¢ varying in U.

Now for (i) and (ii) of (1.3) the hypothesis of Theorem 2.1 in [3] are veri-
fied and by the uniqueness of the solution and by Remark 9.3 in [3], for every
s <0, u is the restriction of a holomorphic function #(f) on U (after a shrinking
of U) with value in E_, in particular we have u € A,(J, E).

Then by property (2.12), if we choose s = —¢/2, we have that Ru €
AU, E;,), then by Remark 1.1 we have that Ru € AU, H®).

Therefore

P,u =P,u-Ru € AU, H®),

then by the analytic hypoellipticity, at ¢ = 0, of P, we get that also P, is ana-
lytic hypoelliptic at ¢t = 0.
We have now the following consequence

THEOREM 2.2. Suppose that ¢, and c, are two constants such that
(2.13) € >¢ ¢y >

where c is the constant given in (2.4), if {¢;} € [¢,] and {Y,} € [c,], then
P({¢,}) is analytic hypoelliptic at t = 0 if and only if this is so for P({/; }).

ProOF. We have
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P({o ) =P({¥y} = Wy — D)
=[0, —a(t, A, (Y14 +a(t, A, (V) — ¢, }A]
[0, — bt 4, (YDA + 5@, 4, (Y, — ¢, 1A]
=t A, DA +c(t, A, Yy — 9 1A
=P({y, }) +a(t, A, (Y, — ¢, A0, - b(t, A, {¥,})4]
+@,—at, 4, W DA +a(t, A, (Y, — o DA A, (Y - DA
+ct, A, (Y — o4

= P({sl/k}) +R.

Now to apply Theorem 2.1 with P({y;}) and P({{; }) instead of P; and
P, or vice versa, we have to prove that R verifies property (2.12), and for this it
is sufficient to prove that a(t, 4, (Y, —¢; 1), b(t, A, (¥ — 9 D), c(t, A, (¥ — 0, })
verify property (2.12).

Let us take, for instance,

a(t, A, (1) = 2 a,(Ox A7,

1
where we have put x, = ¥, — ;.

Now it is sufficient to prove that there is an € > 0 such that for every
s€R,a(t, A, {x,}) is a holomorphic function on U with values in the Banach
space L(E, E, ) of the bounded linear operators of E into E,, , and because
for any given u for which ey is defined,

a(t’ A, {Xk})eSAu = esAa(t’ A’ {Xk})u9

it is enough to consider the case s = 0.

Because, by hypothesis, a(t, 4, {x,}) depends holomorphically on ¢ when ¢
varies in U, we have to prove that there is an € > 0, independent on ¢, such that
for every u € H, the series

= &t
L jy A"t 4, Db
converges in H, i.e. that there is a constant M, independent of ¢ and u, such that
co eh "
(2.14) 2y At A, buul <Mlul,.
o !

We need the following

LEMMA 2.1. There is a constant M,, independent on t € U, such
that
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@2.15) l4"a(t, A, {xDuly < M* htlul,
for every nonnegative integer h and any u € H,

Proor. First of all we observe that x, (), for X €R, is a real function,
such that, Vk > 1

0<x,M <1 and suppx, C e,k ck + 1]

if we suppose ¢; <c,.
Then by (2.4),

h-1
“Aha(ta A, {Xk})“”o = Z sgplak(t)l "Ah_kxk(A)““o
1

+ X sup g, (0114 X @l
0

h-1 oo
< 3 FHRIQe, ) K lully + 20 KUK + h)ler*(h + k) F llull,
1 0

1

< %(2c2h)" Z:j (:—2)" +chHip é (f—)killullo;

then if we take M, big enough and use the Stirling formula, we have (2.15).
Now we prove (2.14). For every integer I we have

HZ,, = A"a(s, A, {xk})un < 2 o IlA"a(t A, [ Dul,

< 2,, M"“h'llull <M, zh(eMl)"IIuIl

Then if € < 1/M,, we have (2.14), with
M=M, 3, M)
0

which ends the proof of Theorem 2.2.

3. Concatenations. Starting from the “formal” operator P given by (2.1)
and satisfying the hypotheses (2.1), (2.2) we are going to construct a sequence of
formal operators P°, P!, ..., P/, ... whose coefficients belong to Q ,(()),
still satisfying the properties (2.1). For this construction, we refer to [1].

The first step is to find an operator Y(f, 4) = Z, ¥, (MA~* € Q ,(()), and
a “coefficient” c®(4) = Z,c94~* € C[[4~"]], such that the operator
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@3.1) PO = (X + y(t, AY = ¥(t, A)) - (A4

is formally equal to P.
Lemma I1.4.1 in [1] shows how to construct y(t, A) and c®(4).
Let us now put

X0 =23,-d% A4, Y°=0,-b°C AN,
@, A) = a(t, A) - Y1, A~ = 3 aq(nA7¥,

k

bO(t, A) = b(t, A) + Y(t, YA~ = 3 bA(NA~*.
k

Then
32) PO = X070 - 0(4)A.

REMARK 3.1. The important fact is that the “principal symbol” of P is the
same as that of P?; in particular the leading coefficients in the power series
a(t, A) and a°(¢, A) (respectively b(z, A) and b°(¢, A)) are the same.

REMARK 32. If we suppose that property (2.4) is verified, then from the
proof of Lemma I1.4.1 in [1] it follows easily, after a shrinking of J, that there
is a neighborhood ¥ of 0 in C such that R N ¥ =J, on which {,(¢) can be ex-
tended as a holomorphic function for every nonnegative integer k, we can suppose
V=U

Furthermore there is a constant ¢y > 0, such that

(3.3) (a2, B2, 121} <ck*'k!, VkENand Vi€ U.

By property (2.4), to prove (3.3) it is sufficient to see that there is a con-
stant M and D > 0, such that

(G4) {1, 121} < DM k!

Vk €N, Vt € U (possibly after a shrinking of U).
From (11.4.3) of [1] we have that y, () and cg have to verify the following
equality

k k=1
(3.5) h{.‘.oan(t)\”k—n(‘) te) - = h);o VW1 _n® + Y3, @

where 8,(f) = a,(t) - b,(9).

We reason by induction. We choose D so big that (3.4) is verified for k =
0, we suppose (3.4) true up to k — 1 and we want to prove it for k.

Because §(0) = ,(0) — b,(0) = 0, (3.5), computed for ¢ = 0, gives us
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k k-1
B6) & =c, (0 +hzl 8,0V, _n(0) — zl YOy _ 1O + ¥y _, ).
= h=

By (2.4), there is a constant ¢, such that [5,(¢)], lc,(£)] < Dc¥k! if we sup-
pose D > 2¢. Then from (3.6) we have

k
I8l = 3" Dclth! - DM*~"(k - h)! + Dclk!
h=1

pM*-!
d

k-1
+ Y DP*M*hlk-h - 1) + (k-1
1

Indeed, by Cauchy’s inequality, if we shrink enough U, we have I\l/;‘_ NGRS

(DM¥*=1/d)(k - 1)!, Vt € U, where d is a positive constant independent on k.
Then if « is a constant such that 0 <a <1,

k (6Dc,\h k
Ic§I < Z DMk! ;(W‘) +%D<gc,) k!

@ g (6D KSRk =1-m)! 1 _6 )
+6DMk’<aM LTg=nr k)

If we choose M so big that M > 12Dc, Ja and M > (6D/a + 6/dc) the series
27 (6Dc, /aM)" converges. We have

3.7 Ic%] < %aDM¥*k! < DM*K!
k

which is the second inequality of (3.4).
From (3.5) we get

h () = 80(0‘/’1:(’)
k k-1
= cg - ck(t) - Zhah(t)'l’k—n(t) + ; hd‘h(t)‘l’k_l_h(t) + ‘l/;c_l(t)
1

for every t € U.
As before, and from (3.7), we have for Vi € U

(38) I, (£)] < %oaDM* k! + aDM*k! < aDM*k!.
But 4, (0) = 0 and 54(0) = 0; then
1 1,
h(®= [ NAGL ARG foso(n) dr-t.

By the Cauchy inequality and from (3.8), possibly after a shrinking of U,
there is a positive constant d such that
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Ik (£)] < «(D/dM*k! Vk EN.

Now, since §(0) # 0, once more after shrinking U, we can suppose 8(f) #
0, Vt € U, then

1 1
v, = foh;,(rt) dr/ 088(11) dr, t€U
Let D, be equal to |f} 8¢(rt) drl, therefore
¥, (®)| < (¢/dD,)DM*k!, Vt€ U.

Now if dD, is <1 we put a = dD,, otherwise we have o/dD, <1. In any
case we get the first inequality of (3.4) which proves the result.

The operator P® will be the first element in our sequence attached to P.
Suppose we have constructed the jth element P/ = X7Y/ - ¢/(4)4 we define
Pi+1 = yixi - cJ(4)4 = X'Y) - [XI, Y] - c/(4)A

= XY - {c/(4) + 81, A)}A
where we put 8/(t, A) = &(r, A) - ¥(t, A),j=0,1,... .

Then, as before, taking P/*! instead of P, we can write P/*! in the way

39

(3.10) pitl = xit+lyi+l -ci'“(A)A

and we will have

Xt =03, —al*l(, A, Y =3, -, AN,

a*(, A) = a(t, A) - Yt )47,
I+t A) = b(t, A) + PIH1(@r, A,

where Y/(1, 4) = Z, Vi (DA% € Q , (), c/(4) = Z,cla~* e Cl[4~"]].
REMARK 3.3. P/*1! will have the same “principal symbol” as P, and there-
fore verifies (2.2) and (2.3). By Remark 3.2, like P° it will verify a property
analogous to (3.3), possibly after a shrinking of U, with a2(¢), b2(f), c2 and ¢,
by ajt1(2), bit 1), it 1
We will suppose that the constant ¢ has the property

(3.11)

(3.12) 41 > ¢ >¢, j=20,

where ¢ is the constant (2.4).
From (3.9) follows immediately the

ProrosiTION 3.1. We have, forj=0,1,...,

3.13) Yip/ = pitlyi
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(3.14) Xpi+t = piyi,

DEFINITION 3.1. The sequence of formal operators {P,}po will be called
the XY-concatenation attached to P.

PROPOSITION 32. Let {P'} be the XY-concatenation attached to P. Then
the leading coefficient c{; of ci(A) is given by

(3.15) ch = ¢4(0) + j54(0),
where 8 (f) is the leading coefficient in 8°(t, A).
See Proposition 11.4.2 of [1].

THEOREM 3.1. Let us suppose that {p,} € [co] and ¢, > 2c,, where ¢,
is given by (3.3). Then P({y,}) and P°({gak}) are true operators and P({p,}) is
analytic hypoelliptic at t = 0 if and only if so is P°({p;}).

PROOF. The proof is similar to that of Theorem 2.2. We observe that
A7 (P°({9 1) = P({p, 1))
=8(1, 4, {‘Pk})dl(t' 4, {pH + clt, 4, {Sok}) - co(A' (79%))
—AT'W? +9,)0 4, o D)

k

= %k (Zhah(t)‘pk—h(t)‘ph(A)‘pk—h(A))A—k + ék(ck(t) - o)k

0

o k oo
- zo:k<§n‘l’h(t)‘l’k—h‘Ph(A)*Pk-n(A))A—k—1 - §k¢;¢¢k(4)l4-k_l

o k oo
= ;zk (;hsh(t)l[lk_h(tvqpk(A)A_k + %k(ck(t) - cg)‘ﬂk(A)A-k

0

k
-2k [( anh(t)wk-,,(t)) - !l';c(t)](PkH(A)A"“‘i
0 0
o k
- zo:k %hwk—h(t)sh(t)(ﬁok —Wh‘ﬁk_h)(A)A-k

- k
+ Zo:k ;M”h(’)‘pk—n(t)@k-a-x ST 7))

+ %k\b;c(t)(‘pk-!-l - NAATE-T,
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For how P° has been formally constructed, we have that the sum in the big
brackets is zero, then

A71P°({p, 1) - P({ei 1)

- K
= —Zok %hsh(t)‘pk_h(t)(‘/’k - ‘Ph‘Pk_h)(A)A—k

3.16 = &
19 + Xk aVnOVi_n(O@hyy ~ OhPr_p) A5

o o

+ Zk‘ll;c(t)(‘Pk.H _‘Pk)(A)A_k_l
0
=R
Then
(3.17) P({¢,}) - P({g ) = AR =R.
Now to apply Theorem 2.1, we-need to prove that R or R verifies property

(2.12).

Then as in the proof of Theorem 2.2, we reduce ourselves to prove
LEMMA 3.1. There is a constant M, independent on t € U, such that
(3.18) A" Rully < MP+ n!lul,
Jfor every nonnegative integer h and any u € H.

Proor. First of all we observe that: VA, 0 < h <k, k>1
0, A<k,
1, A<Ck+1.

Therefore

0, AS<Ck[2,A>Cok +1,
x = Ou¥x_n)D) =

<1, otherwise.
ASCokf2, A2 ¢k +1) + 1,

otherwise.

0,
3.19 - =
(3.19) Pry1 — ¥ —n)A) {< 1,

A<Cok, A=yl +1) +1,

1, otherwise.

0,
Pry1 —0)Q) = {<
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Now using the first of (3.19) we prove that (3.18) is verified from the sum
ok
(3.20) Zk 21 8, (O _(O)(py — ‘Pz‘Pk_z)(A)A_k-
o o

We proceed in the same way for the other series in R. By (2.4), (3.3) and (3.12),
VteEU

4" ik Zk:t(az\"k-z)(t)(¢k - i ,)(A)A-"u“o
0 0
h-1 k
< X UG )ON o, — oo )A)A" Fuly
1 0

o k+h
+ Zk Zzl(sz\pk.;.h_()(t)l (779 "Soﬂ’k.,.h_;)(A)A_ku“o
0 0

h-1

k
<2 %3,4C’5“1!(k — D@k + 1'% - lull,

k+h -k

+ 3, %:,4c"+"+21'(k+h 1)'[20 (k+h)] « Null,

oM

<4ck Ekkc 1(2cok)" ¥ - llull,
1

oo 2k
: §rr g - lully.
+4c) %,c(sz)c0 (k + h) R lully

Then if M is a constant big enough we have

<MQEY'H Y, ,‘<£&>  Nully + Mchn! }:k<( °)> lully.
0 ()} o

Then because 2{, > 2¢,, by Stirling formula, we have the (3.18).

With this lemma, we end the proof as in Theorem 2.2.

Let j be a positive integer and let PO, P!, .. ., P/ be the first j + 1 opera-
tors in the XY-concatenation attached to P.

Let 2; be a constant bigger than 2c;, where ¢; is the constant given by (3.12)
and {p;} €[c]].

Then all P°({p,}), P'({p;}), - - - , P’({p,}) are true operators.

COROLLARY 3.1. In the previous hypothesis, if for some integer h, 0 <
h<j-1,P"*1({p,}) is analytic hypoelliptic at t = 0 and we suppose that the

following property is verified:
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there is an open neighborhood J' of 0, relatively compact contained
in J, such that if u € 0'(J', H~") and

321 Y*({o,Du€ AU', H®), P"({o,)u € AU', H*)
then u € A(J', H®)
then also P*({p,}) is analytic hypoelliptic at t = 0.
ProoF. From (3.9), we have
Y*({p, DP" ({0, )
= [X"({o DY ({0, 1) = (", {0, }) +87( 4, {0 DIAIY"({p,})
= P"({o DY ({0 )

where we put P = X"Y" - {c"(4) + 8%(¢, A)}4.

Now if we recall as P#*1 has been constructed, from Theorem 3.1 we have
that P#({p,}) is analytic hypoelliptic at ¢ = 0 if and only if so is P**!({p,}).

Then by hypothesis, there is a neighborhood J" of 0 that we can suppose
equal to J', on which F#({p, }) is hypoelliptic.

Then let u € D'(J', H~") such that P*({p,})u € AU, H®), then

P (Lo, DY (Lo, Du = Y ({0, DP* ({0, Nu € AU, H®);

therefore Y”({0,})u € A(J', H*) then by (3.21) u € A(U’, H*), therefore
P”({pk}) is analytic hypoelliptic at ¢ = 0.

4. Statement of the main theorem. Let P be the formal operator given by
(2.1) and satisfying the hypothesis (2.2), (2.3) and (2.4) and let ¢ be as usual, the
constant given by (2.4).

We recall that for any sequence {p,} € [c,], where ¢; > ¢, P({p,}) is a
true operator.

DEFINITION 4.1. The formal operator P is said to be analytic hypoelliptic
at a point t € J if for any constant ¢, = c¢ and for any sequence {0, } € [c,],
the true operator P({p,}) is analytic hypoelliptic at t.

REMARK 4.1. By Theorem 2.2, for P to be analytic hypoelliptic at a point
t €J, it is necessary and sufficient that there is a constant ¢, bigger than ¢ and
a sequence {p,} € [¢,;] for which P({p,}) is analytic hypoelliptic at .

We can now state the main theorem of this paper.

THEOREM 4.1. Let P be the formal operator given by (2.1) and satisfying
the hypotheses (2.2), (2.3) and (2.4); let P/ = X'Y1 — c/(A)4,j=0,1,...,
denote the successive elements in the XY-concatenation attached to P.

The following are equivalent:

(4.1) P is hypoelliptic at t = 0,
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(4.2) P is analytic hypoelliptic at t = 0;

(4.3) For no integer j =0, the formal power series in A=, ¢/(4), is iden-
tically zero.

The equivalences (4.1) <= (4.3) have been already proved in [1]. We have
to prove that (4.3) implies (4.2) (by Definition 1.2, (4.2) = (4.1)).

For the proof of Theorem 4.1 we need the following theorem which will be
proved in §6.

THEOREM 42. Let I be an open interval centered in the origin and T its
closure. Suppose that Q is a (true) operator given by

@4) Q= (@, at)d - &, ), — B)A ~ B, 4)) - ¥(DA - 71, 4)

where a(t), B(t), Y(t) are complex valued C™ functions on I and oft, A), B, A),
Y(t, A) are C* functions on T with values in L(H, H), for which the following
hypotheses are verified:

4.5) Re «(0) >0, Re B(0)<0;
“4.6) l(0) - B(0)I?> < 2Re {7(0)[=(0) = B(0)] }.

Suppose furthermore that there is a constant M > 0, such that for every t € I
and any nonnegative integer h

{13} ()1, 122B(D)1, 18" (0)l, Nohalr, A)I,
1a"B(z, A)N, 12"3(e, A)I} < M"*1h!

where | |l is the norm in L(H, H).
Under these hypotheses P is analytic hypoelliptic at t = 0.

4.7

5. Proof of Theorem 4.1. :

PRroOF OF (4.3) = (4.2). Let P be the operator given in Theorem 4.1 and
j and integer such that
(.1) j =% = Re(c(0)/34(0)).

Let E; be a constant larger than 2c;, where ¢; is given by (3.12), and {o,}
a sequence belonging to [¢]]; then P({0;}), P°({p;}), - . . , PI({p;}) are true
operators.

First of all we observe that P/( {py}) verifies the hypotheses of Theorem
42.

Because the leading coefficients of a/(t, A), b/(r, A) are the same as those
of a(t, A), b(t, A) by (2.2) and (2.3), we have that P/({p, }) can be written in
the form (4.4); and (4.5) will be verified.

Furthermore by (3.15) and (5.1), since ¥(0) = c{,, (4.6) is verified; finally
by Remark 3.3 and by Cauchy’s inequality used in the same way as in Remark
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2.1, we see that also (4.7) is verified, therefore we may conclude that P/( {o,})
is analytic hypoelliptic at ¢ = 0.
Now we want to prove that under the hypothesis (4.3), starting from the
analytic hypoellipticity at ¢ = 0 of P/({p,}), all the P*({p,}),h =0, 1,...,
j =1, are analytic hypoelliptic at ¢ = 0, which will imply by Theorem 3.1 that
P({p,}) is analytic hypoelliptic at # = 0. By Remark 4.1 this will prove Theorem
4.1. We shall use Corollary 3.1, and we will have to prove that (3.21) is verified.
We will do the first step; for the others we proceed in the same way.

LEMMA 5.1.  Under the previous hypotheses (in particular, that P/({p %))
is hypoelliptic analytic in J), there is an open neighborhood J' of 0, relatively
compact, contained in J, such that if u € 0'(J', H=>) and

(5.2) Y=1({p  Du € AU', H®), PI='({p,})u € AU, H¥),
then u € A(J', H®).

Proor. We set Y/='({p, })u =g, P/~ ({p,}u = h; then by (5.2), g and
h € A(J', HY); therefore

(53) 1A, {oeDAu = X1~ ({p,})g - h € AU', H®).

Let m;_, be the smallest integer such that c{n‘i . # 0; such an integer
exists, by (4 3).
Therefore we can find a number p > 0, so large that

j—-1 2
(54) plc,,,i_ | >§g}) 1By ()1

Let

M, o= -, o A=

Ic’ L P, ()t Z lkc{,,jllc 1 ()A™i-17%,
Mi-1*

Then

- — i—1 .k
M4, {pH) = |"£n,l ,‘2 + Zk+l "lmj_,c{{lpk(A)Am"l
ml-_l

=14 O D+l P =p, ()=, () +R,

where R = lcfn‘ji llz(l ~ P, ).
Now it is easy to see R verifies a property analogous to (3.18), then it will
satisfy property (2.12) and by the fact that P/~ l({pk})u € AU', H®), we will
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get, as in the proof of Theorem 2.1, that Ru € A(J', H®).

Then, by (5.3), A4, {p,})4u € AU’, H®). Therefore

ZI=Yu =Y~ '({p, )u — pN4, {0, }Au € AU', H®)

and by virtue of the ellipticity of Z/~!, due to (5.4), we conclude that u €
A(J', H*), which proves the lemma.

As a consequence, by Corollary 3.1 we can conclude that p/ ‘1({pk}) is
analytic hypoelliptic at ¢ = 0.

By repeating these arguments j — 1 times we reach the conclusion that

Po( {p,}) and (see Theorem 3.1) P({p,}) are analytic hypoelliptic at ¢ = 0.
This ends the proof of Theorem 4.1, by Remark 4.1.

6. Proof of Theorem 4.2. We follow closely the argument in [2]. Let us
consider the operator

0 = (3, — ()14 — alt, a))(3, ~ B(r)eA - Br, A)) ~ YDA — 71, A).
If we redefine the coefficients appropriately, we can write Q in the form
6.1) Q=202+ adn,4 + NP4 + (1, A), + N1, A)A + u(t, A)

where a(f), B(t) are complex valued C™ functions and y(t, 4), M(t, A), u(t, A) are
C™ functions, defined in I, with values in L(H, H). There is a constant M > 0,
such that, for every t €1,

(62) {I3%a)l, [7B()I, 10"z, A, Nala(e, AN, W0%ue, A)I} <M"+'n!

where | Il is the norm in L(H, H).
Because of the hypotheses (4.5) and (4.6), by Corollary 11.2.1 of [1], if we
shrink enough I, there is a constant ¢ > 0, such that

©3) Wbl + lvR)dr < c| Ji@v, vy, dtl, Vo€ C°U, H™),

where ( , ), is the inner product of H.
If we use the norm Il llg , introduced in [4], the inequality (6.3) can be
written

Wi, <l f@v,v), ]

whence, by Schwarz’ inequality,
Ilvllf’l <clgul_y _, ol 4,
which implies

(6.4) ol , <clgol_, _, Vve C U, H™).

Therefore, as shown in [4], (6.3) implies
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(65) lol, , < clQuly o = c{ [1gvi dt}%,
Vv € C7(I, H). If we use the notation If I? = rif Il(z, dt, a norm equivalent to
I 1, , is given by

NQE)? = 1220l + 123, 4vI? + 1:24%01% + DI? + 14vI? + 2,
When the integration with respect to ¢ is performed over some interval w we

write N, (v).
Let us put

T,={KkENIh<4,h+k<p-h}
U{{h kK)EN h=>4,h+k<p-4}.

Note that I, contains all the pairs (h, k) such that h + k <p — 4.
Now let:

NP@w) = sup N, (@"4%
6.7) o (h.;l)%rp L(0547Y)

(6.6)

and let u € D'(I, H~") be such that
(6.8) Qu = f€ AU, HY).

We want to prove that there is an open subinterval J of I centered in O,
independent of u, such that

(6.9) u e A(J’ Hu)‘
First of all (6.8) implies that
(6.10) u€C(U H™),

since Q is hypoelliptic in a suitable interval J (cf. [1, Corollary 11.3.2])
Therefore, in order to prove (6.9) it suffices to show that we can choose J
and a constant B such that

6.11) NP(u) <BP*'p! VpEN, p>p,,

where p,, is a fixed integer. By the standard embedding theorems, (6.11) will
imply
sup lR2A*ully < CB*+*(n + k)

where B and C are suitable constants.
Possibly after shrinking /7, we may suppose that, for some ¢ >0,
(6.12) sup B2 A*Qully < Ch*¥+1(n + k).

Let w = ]-2, 2[, we can always suppose that w is contained in I and put
ws =F2+8,2-8[with0<5<2.
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Let € and €, be two real numbers, 0 <€, €; <1, and p(t) € C:(wel)
such that p(t) = 1,Vt € Weye,r and [37p] < Cye™%, 0<a<2. By (65),if
D = o we have that

N,  (@"A*u) < N@pd"4*u) < ClIQpd"A*ul
ete, ! t t
< C{lpdfA*Qull + 1[Q, plo24*ull + 1p[Q, 324*]ul},
V(h k) ET,.

From now on, C will denote a generic constant independent of h, k, p, €
and ¢,.
Now, by (6.12), we have

N, @"4*u) < c{CcPp! + I[Q, plo"A*ul + lp[Q, 3"A¥]ull}.

Wete,

LEMMA 6.1.  Under the preceding hypotheses,
I[Q, pa"A*ul < C{e“N&:: ) + e'2N£,:lz(u)}.
PRrOOF.
I[Q, plo"A*ull < 2lp'd,0"A%ull + 1p"0"A*ul
+ la()p'td" A%+ Lull + My(z, A)p'a24%ull.
Let us estimate Ilp'a,afAkull. Suppose k > 1; since:
(6.13) o'/t < Cet,

we have

lo'd,0"A%ull < Ce~' 113,8" A% u Ilwel

<Ce! Hta,A(a','A"‘lu)Ilwel < Ce"leel(a;'A"‘ 1u).
Ifh>4,h+k<p-4=>h+k-1<p-1-4=>( k-1)€ET,_,;anal-

ogously, if # <4, (1, k~1)ET,_,, then 10'3,974%ull < Ce~'Nf,” ().
Suppose k = 0. Then we can suppose h > 1 and !

lp'a,07ull < 100,97 ~'ul < Ce™'N,, (3} ~'u) < Ce™'NE~'(w),
1 1

because, as before, we have (h — 1,0) € I‘p_,. Then in general we have
Ip'd,0" A*ull < Ce~ ‘Ng,;: ().
Let us estimate la(f)p't3"4*+1ull. Suppose k > 1; by (6.13) we have
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lo'rafA**1ull < ce? lIt’Az(a;'A"“u)Ilwel
<Ce ‘Nwe @A -luy<cem 'Ng,: Y(w).
1 1

If £ = 0 we can suppose & > 1; then
lo'ta% Aull < Ce=' 113,432~ w)l

wel
<Ce ‘Nwel(a'," ) < Ce“'Nf,::(u).

Then in general la(f)p'r3" 4%+ 1ull < Ce“Nf,;l‘(u).
If we consider lp"3%4%ull, ly(t, A)p'3"A¥ull, we have that both of them
are < Ce 21" 4%ull, .
€1
Now if h > 2,

"afA"“"wel = uaf(a;'-2A’fu)nwel <Nwel(a;"‘2A"u) <N{;;:(u);
ifh=1,
k k p—-2
o, 4 uliwel <Nwel(A u) <Nwel (),
because ] +k <p-1 =>k<p—2=>(0,k)€l"p_2.
If h = 0, we can suppose k > 2; then, since |p"/t?| < ce2, and by (6.13),

lo"A*ull, ly(t, A)p'A*ul < Ce=2 12 4%y L,
1

< ce‘zNwel(A"‘zu) < ce‘sz,:lz(u)
then in general
lo"3}A*ull, by(t, A)o'a"A%ull < ce‘2Nf,:lz(u),
which proves the lemma.

LEMMA 62. Same hypotheses as in Lemma 6.1.

D !
6.14 n gk kP yp-t
(6.14) Io[Q, 3"4*Jul < C glc o= k)!N“’el(u)‘

ProoF.
1010, 374%]ull = lp[Q, 3%] A*ull
< lofa(t)e, 9410,4%* 14l
+ Ip[B()*87 1 4%+ 2ull + lp[y(z, 4), 3%13,4%ul
+ Ip[A(z, A4), 3714%* Tull + lp[u(z, A), 371 A%ull.

(6.15)
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We may suppose & = 1. We have, first,
Ip[a(e)t, 3%10,4%*ul

h!
< X 531G A@i4 )
A+v=hyw<a

A
+ X )\—!v—!ll(a?a)p(a’,"“A"“u)ll.
Adv+1=h
By (6.2), it suffices to prove that
123, 4(3,A*ull < CNE M),
1

(6.16)
lpay* 1A%+ ul < CNE M1 ().
1

Suppose h > 4. For the first inequality (6.16), with (b, k) €T, we have
Atv+k<p-4=>p-A-4=>@W,kET,_,. Consequently,
lpd, A@;A* )l <CN,,  (0;4*u) < CNE M)
1 1
As for the second inequality (6.16) we have (1) ifv=>1,A+v+1+k<p-
4=2>y-1+k+1<@P-A-1)—-4=>@-1,k+ l)GI‘p_A_l,andtherefore
k - - - .
lo@y*1A* 1wyl < CNwel(a',’ 14F+1y) < czvg,elA (u);
Q) ifr=0,A+1+k<p-4=21+k<p-A-4<(p-A-1)-4=
O,k+1)€E Tp_a_1>and
k+1, < k+1,) < CNP-M1(y).
lpd, A" F ul CN“’el(A u) CN“)el )
Similar argument when & < 4. As a consequence of (6.16) we see that
lofa(®)t, 3"10,Aull verifies the estimate (6.14).

We operate in the same way with lp[B(2)2, 3%] 4% *2ull.
Next we see, by (6.2), that

lo[y(t, 4), 3"10,4%ull < ‘éh(ﬁ)llpaf—".y(t, 4) - 30+ 14Kyl
v

<Y (:‘)c"-"“(h - v)!lpd (%A% u)l

v<h
]
<Y SovH g,’—Nwel(a';A"u).
v<h :

Butif h>4,h+k<p-4=>v+k<p-(h-v)-4=>0,ET,_,_,)-
fh<4,h+k<p-h=>v+k<p-(h-v)-h<p-(h-v)-v=
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@ k)€ l‘p_(,,__,). Therefore

loy(t, 4), 3"]3,4%ull < g;, ch—v+1 h! N” (h ~9)(y).
14

We obtain a similar estimate for lp[A(z, 4), 37]14*~!ull and
Ip[u(t, A), 3"] A¥ull and the lemma is thus proved.

By Lemmas 6.1 and 6.2, we get that there is a constant ¢ > 0 such that,
VWV EN,p=4,V¥Y(h k) E Ly,

N, @"4*u) < c{cPp! + zp; c" NP~ "(u)
Wete, ! ) &

k)'

2
+ Y ke"‘Nf,::‘(u)i ,

1

whence:

W) < c; CPp! + z c" "‘Nf,::‘(u)

)'e

“’e+e
(6.17) + 22: e~ *NP-Fu)}.
k=1 Ve,

Let I be an integer such that I >p + 4, ¢ = 1/I, ¢; = p/l and put
- —-D— 4
dp = w( +1)/1( ull
The inequality (6.17) can be rewritten
P 2
d, <CyCP + kz_jlc d,_y + k}_:ldp_k

for every integer p > 4, p <1 — 4, which easily implies, for some B > 0,
(6.18) d, <B*' ¥p<i-4.
In turn (6.18) implies, for all 7 > 4,
N"“(u) < B3l
Finally, after an increase of the constant B we get (6.11) with J = Wy,
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